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Abstract. We propose a new two-component geodesic equation with the unusual
property that the underlying space has constant positive curvature. In the special
case of one space dimension, the equation reduces to the two-component Hunter-
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1. Introduction
Many basic equations in physics, including the Euler equations of motion of a rigid
body, and the Euler equations of fluid dynamics of an inviscid incompressible fluid, can
be viewed as geodesic equations on a Lie group endowed with a one-sided invariant
metric [1]. In the context of rigid bodies, the group is SO(3); in the context of
incompressible fluids, it is the group Diffµ(R3) of volume-preserving diffeomorphisms.
Other geodesic equations include Burgers’ equation (Diff(S1) with a right-invariant
L2 metric), the KdV equation (Virasoro group with a right-invariant L2 metric), and
the Camassa-Holm equation (Diff(S1) with a right-invariant H1 metric), see [15] for
a survey.
In the recent work [7], the following equation was introduced and studied:
ddiv ut = −d
(
ιuddiv(u) +
1
2
div(u)2
)
, (1)
where u is a time-dependent vector field on a compact Riemannian manifold M ,
d denotes the exterior derivative, and ι denotes the interior product. Two of the
remarkable properties of (1) are: (a) It is the geodesic equation on a space of constant
positive curvature. Indeed, equation (1) is the equation for geodesic flow on the space
of right cosets Diff(M)/Diffµ(M) endowed with the right-invariant metric given at
the identity by
〈〈u, v〉〉 = 1
4
∫
M
div(u) div(v)dµ,
and this space has constant curvature equal to 1/µ(M) > 0. (b) It is an integrable
evolution equation in any number of space dimensions. Indeed, it is shown in [7] that
(1) admits a complete set of independent integrals in involution.
In this paper we propose the following two-component generalization of (1):{
ddiv ut = −d
(
ιud div(u) +
1
2 div(u)
2 − 12ρ2
)
,
ρt = −div(ρu),
(2)
where ρ is a time-dependent real-valued function on M . We will show that (2) is the
geodesic equation on the homogeneous space [Diff(M)sC∞(M)]/Diffµ(M) endowed
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with the right-invariant metric given at the identity by
〈〈(u1, u2), (v1, v2)〉〉 = 1
4
∫
M
[div(u1) div(v1) + u2v2]dµ, (3)
and that this space has constant positive curvature.
Our search for a two-component generalization of (1) was motivated by the special
case when M is the unit circle, i.e. M = S1. In this case, equation (1) reduces to the
Hunter-Saxton equation [6]
utxx = −
(
uuxx +
1
2
u2x
)
x
, (4)
which admits the following integrable two-component generalization, see [3, 16]:{
utxx = −
(
uuxx +
1
2u
2
x − 12ρ2
)
x
,
ρt = −(ρu)x,
(5)
Equation (4) describes the geodesic flow on a sphere of constant positive curvature
[8, 12] and it was recently observed that the two-component version (5) also is the
geodesic equation on a space of constant positive curvature [10].
Since the three special cases (1), (4), and (5) of the system (2) are all integrable,
we expect (2) to also be integrable, but the proof of this remains open.
Our main result is stated in section 2 and its proof is presented in section 3.
2. Main result
LetM be a compact connected n-dimensional Riemannian manifold and let Diff(M)
denote the space of orientation-preserving diffeomorphisms of M . We let G denote
the semidirect product G = Diff(M)sC∞(M) with multiplication given by
(ϕ, f)(ψ, g) = (ϕ ◦ ψ, g + f ◦ ψ), (ϕ, f), (ψ, g) ∈ G.
Moreover, we let H = Diffµ(M) denote the subgroup of Diff(M) of volume-preserving
diffeomorphisms. The group H acts on G by
ψ · (ϕ, f) = (ψ ◦ ϕ, f), ψ ∈ H, (ϕ, f) ∈ G,
and our main interest lies in the homogeneous space G/H of right cosets.
We use right-invariance to extend (3) to a (degenerate) metric 〈〈·, ·〉〉 on G. Thus,
〈〈U, V 〉〉(ϕ,f) =
1
4
∫
M
[
div(U1 ◦ ϕ−1) div(V1 ◦ ϕ−1) + (U2 ◦ ϕ−1)(V2 ◦ ϕ−1)
]
dµ,
where U = (U1, U2) and V = (V1, V2) are elements of T(ϕ,f)G and dµ denotes the
volume form on M induced by the metric. It is straightforward to verify that this
metric descends to a Riemannian metric on G/H (see section 3 for details), and we
can now state our main result.
Theorem 1. The sectional curvature of G/H equipped with the metric 〈〈·, ·〉〉 is con-
stant and equal to 1/µ(M) > 0. Moreover, the corresponding Euler equation for the
geodesic flow is the two-component equation (2).
Remark 2. As far as regularity assumptions and function spaces are concerned, the
geometry of equation (2) can be developed in a number of different settings, including
the Hs and Cn settings (see [5] for further details in a similar situation). Since these
issues are of no consequence for the considerations here, we have chosen for simplicity
to use the notation of the smooth category.
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3. Proof
We will use the following notations:
• e = (id, 0) will denote the identity element of G.
• X(M) will denote the space of vector fields on M .
• For p ≥ 0, Ωp(M) will denote the space of p-forms on M .
• 〈·, ·〉 will denote the metric on M . 〈·, ·〉 will also denote the induced inner
product on p-forms, as well as the natural pairing between elements of TM
and T ∗M .
• If X,Y are vector fields on M , [X,Y ] will denote their Lie bracket, given
locally by [X,Y ] = DY ·X −DX · Y .
• If u = (u1, u2) and v = (v1, v2) are elements of TeG ' X(M) × C∞(M),
[u, v] ∈ TeG will denote the following commutator:
[u, v] =
(
[u1, v1]
dv2(u1)− du2(v1)
)
.
3.1. The metric on G/H. We will first show that the metric 〈〈·, ·〉〉 descends to
G/H. According to the general theory of homogeneous spaces (see Proposition 3.1
in Chapter X of [9]), 〈〈·, ·〉〉 decends to G/H provided that
〈〈adwu, v〉〉+ 〈〈u, adwv〉〉 = 0 for all u, v ∈ TeG and w ∈ TeH, (6)
where we view H ' Diffµ(M)× {0} ⊂ G as a subgroup of G. Using that the adjoint
action in TeG is given by
aduv = −[u, v], u, v ∈ TeG,
it is straightforward to verify (6): Given elements u = (u1, u2), v = (v1, v2), and
w = (w1, w2), we have
〈〈adwu, v〉〉+ 〈〈u, adwv〉〉 = 1
4
∫
M
(
div [u1, w1] div v1 + div u1 div [v1, w1]
)
dµ (7)
+
1
4
∫
M
(
(dw2(u1)− du2(w1))v2 + u2(dw2(v1)− dv2(w1))
)
dµ.
If w ∈ TeH then divw1 = 0 and w2 = 0, and the right-hand side of (7) equals
1
4
∫
M
[(〈u1, grad divw1〉 − 〈w1, grad div u1〉) div v1
+ div u1
(〈v1, grad divw1〉 − 〈w1, grad div v1〉)]dµ− 1
4
∫
M
div(u2v2w1)dµ
=− 1
4
∫
M
div(w1 div v1 div u1)dµ = 0.
This shows that 〈〈·, ·〉〉 descends to G/H.
3.2. The Euler equation. We next show that the Euler equation associated with
the metric 〈〈·, ·〉〉 on G/H is the two-component equation (2). It follows from the
general theory developed by Arnold [1] that the Euler equation is given by
ut = B(u, u), (8)
where u(t) is a curve in TeG and the bilinear operator B : TeG × TeG → TeG is
defined by the condition
〈〈B(u, v), w〉〉 = 〈〈u, [v, w]〉〉, u, v, w ∈ TeG. (9)
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In order to determine B, we define the operator A : X(M) → Ω1(M) by Av = dδv[,
where δ denotes the codifferential on M and [ : TM → T ∗M denotes the musical
isomorphism with inverse ] : T ∗M → TM induced by the metric 〈·, ·〉. Recalling that
div(X) = −δX[ for a vector field X, the condition (9) can be written as∫
M
〈AB1(u, v), w1〉dµ+
∫
M
B2(u, v)w2dµ =
∫
M
〈Au1, [v, w]1〉dµ+
∫
M
u2[v, w]2dµ,
(10)
where B1 and B2 denote the two components of B. Using the general formula
[v1, w1]
[ = div(w1)v
[
1 − div(v1)w[1 − δ(v[1 ∧ w[1), (11)
we see that the right-hand side of (10) equals∫
M
〈Au1, div(w1)v[1 − div(v1)w[1 − δ(v[1 ∧ w[1)〉dµ+
∫
M
u2(dw2(v1)− dv2(w1))dµ
=
∫
M
〈−d〈Au1, v1〉 − div(v1)Au1 − ιv1dAu1, w1〉dµ−
∫
M
(
w2 div(u2v1) + 〈u2dv2, w1〉
)
dµ.
Thus, since w is arbitrary and dAu1 = 0, we find
AB1(u, v) = −d〈Au1, v1〉 − div(v1)Au1 − u2dv2,
B2(u, v) = −div(u2v1). (12)
Substituting this expression for B = (B1, B2) into (8), we find the two-component
system (2).
3.3. The operator A. Equation (12) only fixes the value of B1 up to an element of
kerA. This is a reflection of the fact that the inner product (3) is degenerate along
TeH in TeG. Accordingly, the solution of the Euler equation (8) is not uniquely de-
termined in TeG by the initial data, but descends to a well-defined curve in Te(G/H).
The following lemma, which will be needed for the computation of the curvature,
clarifies some properties of A and A−1. In particular, it shows that the kernel of A
equals TeH and consists of all divergence-free vector fields on M .
Lemma 3. The operator A : X(M) → Ω1(M) defined by Av = dδv[ = −ddiv v
satisfies
imA = {df | f ∈ C∞(M)} (13)
and
kerA = {v ∈ X(M) | div v = 0}. (14)
In particular, the map divA−1d : C∞(M)→ C∞(M) is well-defined and is given by
divA−1df = −f + 1
µ(M)
∫
M
fdµ. (15)
Proof. The inclusion ⊂ in (13) is obvious. On the other hand, if f ∈ C∞(M), then
standard properties of the Laplacian ∆ = dδ + δd on a compact manifold (see [14])
imply that ker ∆ consists of the constant functions on M and that there exists g ∈
C∞(M) such that ∆g = f − 1µ(M)
∫
M fdµ ∈ (ker ∆)⊥. Letting v = (dg)], we find
−div v = f − 1µ(M)
∫
M fdµ and so
Av = −d div v = df.
A TWO-COMPONENT GEODESIC EQUATION 5
!"#$%&'
H1
dΩ0(M)
δΩ2(M)
Figure 1. The Hodge decomposition of T ∗e Diff(M) and kerA.
This proves (13). In order to prove (14), we first note that if div v = 0, then Av = 0.
Coversely, suppose Av = 0. Then
0 =
∫
M
〈dδv[, v[〉dµ =
∫
M
〈δv[, δv[〉dµ
and we find δv[ = −div v = 0. This proves (14).
It is clear from (13) and (14) that the map divA−1d : C∞(M) → C∞(M) is
well-defined. Letting h = divA−1df , we find
dh = −AA−1df = −df.
Thus, h = −f + c, where c is a constant. Noting that
0 =
∫
M
hdµ = −
∫
M
fdµ+ cµ(M),
we infer that
c =
1
µ(M)
∫
M
fdµ.
This proves (15). 2
Remark 4. In terms of the Hodge decomposition
T ∗e Diff(M) = dΩ
0(M)⊕ δΩ2(M)⊕H1, (16)
where Hk denotes the space of harmonic k-forms on M , we have kerA = TeH =
(δΩ2(M)⊕H1)], see Figure 1. It follows that the value of B1 can be fixed by requiring
that B1(u, v) ∈ {(df)]|f ∈ C∞(M)}. However, we will not need to do this.
3.4. Constant positive curvature. It remains to prove that (G/H, 〈〈·, ·〉〉) has con-
stant sectional curvature equal to 1/µ(M). Letting R denote the curvature tensor on
G/H, this is equivalent to proving that
〈〈R(u, v)v, u〉〉 = 〈〈u, u〉〉〈〈v, v〉〉 − 〈〈u, v〉〉
2
µ(M)
, u, v ∈ TeG. (17)
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We will use the following curvature formula which is derived in the appendix:
〈〈R(u, v)v, u〉〉 = 〈〈δ, δ〉〉+ 〈〈[u, v], β〉〉 − 3
4
〈〈[u, v], [u, v]〉〉 − 〈〈B(u, u), B(v, v)〉〉, (18)
where δ and β are defined by
δ =
1
2
(B(u, v) +B(v, u)), β =
1
2
(B(u, v)−B(v, u)).
Remark 5. 1. Formula (18) coincides formally with the curvature formula for a
Lie group equipped with a left-invariant metric given in Appendix 2 of [2]. In the
appendix, we show that this formula remains valid in the case of a right-invariant
metric on a homogeneous space.
2. Although B1 is only defined up to an element of kerA, Lemma 3 implies that
the right-hand side of (18) is well-defined. Indeed, we will see that A−1 only enters
(18) via the combination divA−1df and by (15) this operator is uniquely defined.
Our proof of (17) will be a long computation using (18) together with the expression
(12) for B. First note that
δ = −1
2
(
A−1[d〈Au1, v1〉+ div v1Au1 + u2dv2 + d〈Av1, u1〉+ div u1Av1 + v2du2]
div(u2v1) + div(v2u1)
)
= −1
2
(
A−1d[〈Au1, v1〉+ 〈Av1, u1〉 − div v1 div u1 + v2u2]
div (u2v1 + v2u1)
)
. (19)
and
β = −1
2
(
A−1[d〈Au1, v1〉+ div v1Au1 + u2dv2 − d〈Av1, u1〉 − div u1Av1 − v2du2]
div (u2v1 − v2u1)
)
.
(20)
We will consider the four terms on the right-hand side of (18) in turn. Let δ1 and δ2
denote the two components of δ. Equations (19) and (15) yield
div δ1 =
1
2
(〈Au1, v1〉+ 〈Av1, u1〉 − div v1 div u1 + v2u2)
− 1
2µ(M)
∫
M
(〈Au1, v1〉+ 〈Av1, u1〉 − div v1 div u1 + v2u2) dµ.
Thus the first term on the right-hand side of (18) is given by
〈〈δ, δ〉〉 = 1
4
∫
M
(div δ1)
2dµ+
1
16
∫
M
(div(u2v1 + v2u1))
2dµ
=
1
16
∫
M
(〈Au1, v1〉+ 〈Av1, u1〉 − div v1 div u1 + v2u2)2 dµ (21)
− 1
16µ(M)
{∫
M
(〈Au1, v1〉+ 〈Av1, u1〉 − div v1 div u1 + v2u2) dµ
}2
+
1
16
∫
M
(
div (u2v1 + v2u1)
)2
dµ.
Using the expression (20) for β, we deduce that the second term on the right-hand
side of (18) is given by
〈〈[u, v], β〉〉 = − 1
8
∫
M
〈
[u1, v1], d〈Au1, v1〉+ div v1Au1 + u2dv2
− d〈Av1, u1〉 − div u1Av1 − v2du2
〉
dµ (22)
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− 1
8
∫
M
(〈u1, dv2〉 − 〈v1, du2〉) div(u2v1 − v2u1)dµ,
while the third term is given by
−3
4
〈〈[u, v], [u, v]〉〉 = − 3
16
∫
M
(div [u1, v1])
2dµ− 3
16
∫
M
(〈u1, dv2〉 − 〈v1, du2〉)2dµ.
(23)
Moreover,
B(u, u) = −
(
A−1d
[〈Au1, u1〉 − 12(div u1)2 + 12u22]
div (u1u2)
)
,
so that, by (15),
divB1(u, u) = 〈Au1, u1〉 − 1
2
(div u1)
2 +
1
2
u22
− 1
µ(M)
∫
M
(
〈Au1, u[1〉 −
1
2
(div u1)
2 +
1
2
u22
)
dµ.
Thus the fourth term on the right-hand side of (18) is given by
−〈〈B(u, u), B(v, v)〉〉 = −1
4
∫
M
divB1(u, u) divB1(v, v)dµ− 1
4
∫
M
B2(u, u)B2(v, v)dµ
=− 1
4
∫
M
(
〈Au1, u1〉 − 1
2
(div u1)
2 +
1
2
u22
)(
〈Av1, v1〉 − 1
2
(div v1)
2 +
1
2
v22
)
dµ
+
1
4µ(M)
∫
M
(
〈Au1, u1〉 − 1
2
(div u1)
2 +
1
2
u22
)
dµ (24)
×
∫
M
(
〈Av1, v1〉 − 1
2
(div v1)
2 +
1
2
v22
)
dµ− 1
4
∫
M
div (u1u2) div (v1v2)dµ.
Adding the four contributions from (21)-(24), we find an expression for 〈〈R(u, v)v, u〉〉
in terms of u1, v1, u2, and v2. It is convenient to divide this expression into two terms,
〈〈R(u, v)v, u〉〉 = I1 + I2,
where I1 consists of all the terms that contain neither u2 nor v2, whereas I2 consists
of the remaining terms that contain u2 or v2. Equations (21)-(24) yield
I1 =
1
16
∫
M
(〈Au1, v1〉+ 〈Av1, u1〉 − div v1 div u1)2 dµ
− 1
16µ(M)
{∫
M
(〈Au1, v1〉+ 〈Av1, u1〉 − div v1 div u1) dµ
}2
− 1
8
∫
M
〈[u1, v1], d〈Au1, v1〉+ div v1Au1 − d〈Av1, u1〉 − div u1Av1〉 dµ
− 3
16
∫
M
(div[u1, v1])
2dµ
− 1
4
∫
M
(
〈Au1, u1〉 − 1
2
(div u1)
2
)(
〈Av1, v1〉 − 1
2
(div v1)
2
)
dµ
+
1
4µ(M)
{∫
M
(
〈Au1, u1〉 − 1
2
(div u1)
2
)
dµ
}{∫
M
(
〈Av1, v1〉 − 1
2
(div v1)
2
)
dµ
}
.
Simplification using the integration by parts identity∫
M
〈dα, β〉dµ =
∫
M
〈α, δβ〉dµ
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yields
I1 =
1
16
∫
M
(〈Au1, v1〉+ 〈Av1, u1〉 − div v1 div u1)2 dµ
− 1
16µ(M)
(∫
M
div v1 div u1dµ
)2
+
1
8
∫
M
(〈Au1, v1〉 − 〈Av1, u1〉) div [u1, v1]dµ
− 1
8
∫
M
〈[u1, v1],div v1Au1 − div u1Av1〉 dµ
− 3
16
∫
M
(div [u1, v1])
2dµ
− 1
4
∫
M
(
〈Au1, u1〉 − 1
2
(div u1)
2
)(
〈Av1, v1〉 − 1
2
(div v1)
2
)
dµ
+
1
16µ(M)
(∫
M
(div u1)
2)dµ
)(∫
M
(div v1)
2dµ
)
.
Employing the identity (11) as well as the identity
div [u1, v1] = 〈u1, grad div v1〉 − 〈v1, grad div u1〉 = 〈Au1, v1〉 − 〈Av1, u1〉,
we can write this as
1
16
∫
M
(〈Au1, v1〉+ 〈Av1, u1〉)2 dµ− 1
8
∫
M
(〈Au1, v1〉+ 〈Av1, u1〉) div v1 div u1dµ
+
1
16
∫
M
(div u1)
2(div v1)
2dµ− 1
16µ(M)
(∫
M
div v1 div u1dµ
)2
− 1
16
∫
M
(〈Au1, v1〉 − 〈Av1, u1〉)2 dµ
− 1
8
∫
M
〈
u1 div v1 − v1 div u1 − (δ(u[1 ∧ v[1))], div v1Au1 − div u1Av1
〉
dµ
− 1
4
∫
M
〈Au1, u1〉〈Av1, v1〉dµ+ 1
8
∫
M
〈Au1, u1〉(div v1)2dµ
+
1
8
∫
M
〈Av1, v1〉(div u1)2dµ− 1
16
∫
M
(div u1)
2(div v1)
2dµ
+
1
16µ(M)
(∫
M
(div u1)
2dµ
)(∫
M
(div v1)
2dµ
)
.
Finally, using that∫
M
〈
δ(u[1 ∧ v[1), div v1Au1 − div u1Av1
〉
dµ = 2
∫
M
〈
u[1 ∧ v[1, Au1 ∧Av1
〉
dµ
= 2
∫
M
[〈u1, Au1〉〈v1, Av1〉 − 〈u1, Av1〉〈v1, Au1〉] dµ,
we arrive after several cancellations at the following expression for I1:
I1 =
1
16µ(M)
(∫
M
(div u1)
2dµ
)(∫
M
(div v1)
2dµ
)
− 1
16µ(M)
(∫
M
div v1 div u1dµ
)2
.
(25)
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On the other hand, the terms in equations (21)-(24) that contain u2 or v2 yield
I2 =
1
16
∫
M
(
2(〈Au1, v1〉+ 〈Av1, u1〉 − div v1 div u1)u2v2 + (u2v2)2
)
dµ
− 1
8µ(M)
(∫
M
(〈Au1, v1〉+ 〈Av1, u1〉 − div v1 div u1)dµ
)(∫
M
u2v2dµ
)
− 1
16µ(M)
(∫
M
u2v2dµ
)2
+
1
16
∫
M
(div (u2v1 + v2u1))
2dµ
− 1
8
∫
M
〈[u1, v1], u2dv2 − v2du2〉 dµ
− 1
8
∫
M
(〈u1, dv2〉 − 〈v1, du2〉) div(u2v1 − v2u1)dµ
− 3
16
∫
M
(〈u1, dv2〉 − 〈v1, du2〉)2 dµ (26)
− 1
8
∫
M
(
〈Au1, u1〉 − 1
2
(div u1)
2
)
v22dµ
− 1
8
∫
M
(
〈Av1, v1〉 − 1
2
(div v1)
2
)
u22dµ−
1
16
∫
M
(u2v2)
2dµ
+
1
8µ(M)
{∫
M
(
〈Au1, u1〉 − 1
2
(div u1)
2
)
dµ
}(∫
M
v22dµ
)
+
1
8µ(M)
{∫
M
(
〈Av1, v1〉 − 1
2
(div v1)
2
)
dµ
}(∫
M
u22dµ
)
+
1
16µ(M)
(∫
M
u22dµ
)(∫
M
v22dµ
)
− 1
4
∫
M
div(u1u2) div(v1v2)dµ.
We use the identity
div(u2v1 + v2u1) = u2 div v1 + 〈du2, v1〉+ v2 div u1 + 〈dv2, u1〉
in the third line, and the identity (11) in the fourth line of (26). Moreover, we use
the identity
div(u2v1 − v2u1) = u2 div v1 + 〈du2, v1〉 − v2 div u1 − 〈dv2, u1〉
in the fifth line of (26) and combine the result with the sixth line. After simplification
this leads to
I2 =
1
8
∫
M
u2v2〈Au1, v1〉dµ+ 1
8
∫
M
u2v2〈Av1, u1〉dµ
− 1
8
∫
M
u2v2 div v1 div u1dµ+
1
16
∫
M
(u2v2)
2dµ
− 1
8µ(M)
(∫
M
div v1 div u1dµ
)(∫
M
u2v2dµ
)
− 1
16µ(M)
(∫
M
u2v2dµ
)2
+
1
16
∫
M
{
u22(div v1)
2 + 〈du2, v1〉2 + v22(div u1)2 + 〈dv2, u1〉2
+ 2u2 div v1〈du2, v1〉+ 2u2 div v1v2 div u1 + 2u2 div v1〈dv2, u1〉
+ 2〈du2, v1〉v2 div u1 + 2〈du2, v1〉〈dv2, u1〉+ 2v2 div u1〈dv2, u1〉
}
dµ
− 1
8
∫
M
{
〈u1 div v1, u2dv2〉 − 〈u1 div v1, v2du2〉 − 〈v1 div u1, u2dv2〉
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+ 〈v1 div u1, v2du2〉 −
〈
δ(u[1 ∧ v[1), u2dv2 − v2du2
〉}
dµ
− 1
8
∫
M
{
u2 div v1〈u1, dv2〉 − v2 div u1〈u1, dv2〉
− u2 div v1〈v1, du2〉+ v2 div u1〈v1, du2〉
}
dµ
− 1
16
∫
M
(〈u1, dv2〉2 + 〈v1, du2〉2 − 2〈u1, dv2〉〈v1, du2〉) dµ
− 1
8
∫
M
v22〈Au1, u1〉dµ+
1
16
∫
M
v22(div u1)
2dµ
− 1
8
∫
M
u22〈Av1, v1〉dµ+
1
16
∫
M
u22(div v1)
2dµ− 1
16
∫
M
(u2v2)
2dµ
+
1
16µ(M)
(∫
M
(div u1)
2dµ
)(∫
M
v22dµ
)
+
1
16µ(M)
(∫
M
(div v1)
2dµ
)(∫
M
u22dµ
)
+
1
16µ(M)
(∫
M
u22dµ
)(∫
M
v22dµ
)
− 1
4
∫
M
{
(u2v2 div u1 div v1 + u2 div u1〈v1, dv2〉
+ v2 div v1〈u1, du2〉+ 〈u1, du2〉〈v1, dv2〉
}
dµ.
Using the identity∫
M
〈
δ(u[1 ∧ v[1), u2dv2 − v2du2
〉
dµ = 2
∫
M
〈
u[1 ∧ v[1, du2 ∧ dv2
〉
dµ
= 2
∫
M
[〈u1, du2〉〈v1, dv2〉 − 〈u1, dv2〉〈v1, du2〉] dµ
as well as integration by parts, we arrive at the following expression for I2:
I2 =− 1
8µ(M)
(∫
M
div v1 div u1dµ
)(∫
M
u2v2dµ
)
− 1
16µ(M)
(∫
M
u2v2dµ
)2
+
1
16µ(M)
(∫
M
(div u1)
2dµ
)(∫
M
v22dµ
)
+
1
16µ(M)
(∫
M
(div v1)
2dµ
)(∫
M
u22dµ
)
(27)
+
1
16µ(M)
(∫
M
u22dµ
)(∫
M
v22dµ
)
.
Finally, addition of the expressions (25) and (27) for I1 and I2 yields
〈〈R(u, v)v, u〉〉 = 1
16µ(M)
(∫
M
(div u1)
2dµ+
∫
M
u22dµ
)(∫
M
(div v1)
2dµ+
∫
M
v22dµ
)
− 1
16µ(M)
(∫
M
div u1 div v1dµ+
∫
M
u2v2
)2
=
〈〈u, u〉〉〈〈v, v〉〉 − 〈〈u, v〉〉2
µ(M)
.
This proves (17) and hence completes the proof of Theorem 1.
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Appendix A. The curvature of a homogeneous space
In this appendix we derive the curvature formula (18) for a homogeneous space
with a right-invariant metric.
Suppose that G is a Lie group and that H ⊂ G is a (closed) subgroup of G. Let
M = G/H denote the homogeneous space of right cosets. The Lie algebras of G
and H are denoted by g and h, and we let m ⊂ g be a linear subspace such that
g = h⊕m. Letting pi : G→ G/H denote the quotient map, we find that pi∗ maps m
isomorphically onto Tpi(e)M , where e denotes the identity element in G. Suppose that
〈·, ·〉 is a right-invariant (degenerate) metric on G whose restriction to m is positive
definite and whose kernel is h, i.e. 〈u, v〉 = 0 for all v ∈ g iff u ∈ h. We assume that
the restriction of the metric 〈·, ·〉 to m is Ad(H)-invariant so that 〈·, ·〉 descends to a
right-invariant metric on G/H which will be denoted by (·, ·).
Remark 6. 1. We do not require that m be an Ad(H)-invariant subspace. In
particular, the homogeneous space G/H does not have to be reductive.
2. For the homogeneous space of Theorem 1, we have
g = X(M)× C∞(M), h = {(v, 0) ∈ g | div v = 0},
and we may choose m = {((df)], g) | f, g ∈ C∞(M)}.
For any X ∈ g, we define the vector field X˜ ∈ X(G/H) as the push-forward by pi
of XL, where XL denotes the unique left-invariant vector field on G whose value at
e is X. Thus,
X˜pi(g) =
d
dt
∣∣∣∣
t=0
pi(getX) = pi∗XLg , g ∈ G.
where etX is the one-parameter subgroup in G generated by X. The flow ΦtX : M →
M of X˜ is given by
ΦtX(pi(g)) = pi(ge
tX), g ∈ G, t ∈ R.
If U ∈ TG, then (ΦtX)∗pi∗U = pi∗RetX∗U , where Rg denotes right multiplication by
g ∈ G. Hence, since 〈·, ·〉 is right invariant,
((ΦtX)∗pi∗U, (Φ
t
X)∗pi∗V ) = 〈RetX∗U,RetX∗V 〉 = 〈U, V 〉 = (pi∗U, pi∗V ),
whenever U, V ∈ TgG, that is, the flow of X˜ consists of isometries. This implies that
X˜ is a Killing field. In particular, X˜ satisfies
X˜(Y, Z) = ([X˜, Y ], Z) + (Y, [X˜, Z]) (A.1)
and
(∇Y X˜, Z) + (∇ZX˜, Y ) = 0 (A.2)
for all vector fields Y,Z on G/H.
Note that
[X˜, Y˜ ] = −[˜X,Y ], X, Y ∈ g, (A.3)
where the bracket on the left-hand side is the Lie bracket of vector fields on M and
the bracket on the right-hand side is the Lie bracket in g induced by right-invariant
vector fields (this bracket is minus the bracket induced by left-invariant vector fields).
Indeed,
[X˜, Y˜ ] = [pi∗XL, pi∗Y L] = pi∗[XL, Y L] = −pi∗[X,Y ]L = −[˜X,Y ].
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Let ∇ denote the Levi-Civita connection associated with the Riemannian metric g
on M = G/H. Then, for any vector fields X,Y, Z on M ,
2(∇XY, Z) = X(Y, Z) + Y (Z,X)− Z(X,Y )
+ (Z, [X,Y ])− (Y, [X,Z])− (X, [Y,Z]).
In the particular case when X,Y, Z are Killing vector fields, (A.1) implies that
2(∇XY,Z) = ([X,Y ], Z) + ([X,Z], Y ) + (X, [Y, Z]). (A.4)
Lemma 7. Let X,Y ∈ m. Then
(∇X˜ Y˜ )pi(e) = −
1
2
pi∗([X,Y ] +B(X,Y ) +B(Y,X)), (A.5)
where B(X,Y ) ∈ g is defined by
〈B(X,Y ), Z〉 = 〈X, [Y, Z]〉. (A.6)
Remark 8. Equation (A.6) only determines B(X,Y ) up to addition by an element
in h. We can fix this freedom by requiring that B(X,Y ) ∈ m. Alternatively, we can
just note that pi∗B(X,Y ) is uniquely determined and so the right-hand side of (A.5)
is well-defined.
Proof. Let X,Y, Z ∈ m. Then (A.4) and (A.3) give
2(∇X˜ Y˜ , Z˜) = −([˜X,Y ], Z˜)− ([˜X,Z], Y˜ )− (X˜, [˜Y,Z]).
Evaluating this equation at the point pi(e), we find
2
(
(∇X˜ Y˜ )pi(e) +
1
2
[˜X,Y ]pi(e), Z˜pi(e)
)
= −〈[X,Z], Y 〉 − 〈X, [Y, Z]〉,
and this equality gives (A.5). 2
Proposition 9. Let X,Y ∈ m ' Tpi(e)M . The curvature tensor R of M = G/H
satisfies
(R(X,Y )Y,X) = 〈δ, δ〉+ 〈[X,Y ], β〉 − 3
4
〈[X,Y ], [X,Y ]〉 − 〈B(X,X), B(Y, Y )〉,
(A.7)
where δ and β are defined by
δ =
1
2
(B(X,Y ) +B(Y,X)), β =
1
2
(B(X,Y )−B(Y,X)).
Proof. We compute
(R(X˜, Y˜ )X˜, Y˜ ) = (∇X˜∇Y˜ X˜, Y˜ )− (∇Y˜∇X˜X˜, Y˜ )− (∇[X˜,Y˜ ]X˜, Y˜ ).
This gives, using (A.2) in the last term,
(R(X˜, Y˜ )X˜, Y˜ ) = X˜(∇Y˜ X˜, Y˜ )− (∇Y˜ X˜,∇X˜ Y˜ )
− Y˜ (∇X˜X˜, Y˜ ) + (∇X˜X˜,∇Y˜ Y˜ ) + (∇Y˜ X˜, [X˜, Y˜ ]).
Using the following two equations, which are consequences of (A.4),
2(∇Y˜ X˜, Y˜ ) = ([Y˜ , X˜], Y˜ ) + ([Y˜ , Y˜ ], X˜) + (Y˜ , [X˜, Y˜ ]) = 0,
2(∇X˜X˜, Y˜ ) = ([X˜, X˜], Y˜ ) + ([X˜, Y˜ ], X˜) + (X˜, [X˜, Y˜ ]) = 2([X˜, Y˜ ], X˜),
as well as the fact that ∇ is torsion-free, i.e. ∇X˜ Y˜ −∇Y˜ X˜ = [X˜, Y˜ ], we find
(R(X˜, Y˜ )X˜, Y˜ ) = −Y˜ ([X˜, Y˜ ], X˜) + (∇X˜X˜,∇Y˜ Y˜ )− (∇Y˜ X˜,∇Y˜ X˜).
A TWO-COMPONENT GEODESIC EQUATION 13
Equation (A.1) implies that
Y˜ ([X˜, Y˜ ], X˜) = ([Y˜ , [X˜, Y˜ ]], X˜) + ([X˜, Y˜ ], [Y˜ , X˜]),
so that, in view of (A.5),
(R(X˜, Y˜ )X˜, Y˜ ) =− ([Y˜ , [X˜, Y˜ ]], X˜)− ([X˜, Y˜ ], [Y˜ , X˜]) + 〈B(X,X), B(Y, Y )〉
− 1
4
〈[Y,X], [Y,X]〉 − 〈[Y,X], δ〉 − 〈δ, δ〉.
Finally, the relation (A.3) yields
(R(X˜, Y˜ )X˜, Y˜ ) =− 〈B(X,Y ), [X,Y ]〉+ 〈[X,Y ], [X,Y ]〉+ 〈B(X,X), B(Y, Y )〉
− 1
4
〈[X,Y ], [X,Y ]〉+ 〈[X,Y ], δ〉 − 〈δ, δ〉.
This is (A.7). 2
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